Charged hadron production in the e + e − annihilations at 91 to 206 GeV in full phase space and in pp collisions at 200 to 900 GeV collision energies are studied using nonextensive Tsallis and stochastic Weibull probability distributions. The Tsallis distribution shows better description of the data than the Weibull distribution. The 2-jet modification of the statistical distribution is applied to describe e + e − data. The main features of these distributions can be described by a two-component model with soft, collective interactions at low transverse energy and hard, constituent interactions dominating at high transverse energy. This modification is found to give much better description than a full-sample fit, and again Tsallis function is found to better describe the data than the Weibull one pointing at the non-extensive character of the multiparticle production process.
Introduction
Charged hadron production in high energy particle interactions can be understood in terms of several theoretical and phenomenological models derived from statistics, empirical relationships, phenomenological concepts or pure theoretical cosiderations [1] [2] [3] [4] . To understand the particle production mechanism, some models have used ensemble theory from statistical mechanics to extract information from dynamical fluctuations as a key source of inputs to study the multiplicity patterns. Several distributions based on the statistical analyses have been derived for the understanding of particle production and the multiplicity distributions. However, it was realized that data on many single particle distributions deviate from the distributions expected from the statistical models, based on standard statistical mechanics of Boltzman-Gibbs which treats the entropy as an extensive property. This initiated the idea of including modifications to include possible intrinsic, non-statistical fluctuations. These were identified as the source of the deviations. Such fluctuations are important as possible signals of phase transition(s) taking place in an hadronizing system. The Tsallis formalism was introduced three decades ago [5] . It is a non-extensive generalization of the statistical mechanics and has been very successful in describing very different physical systems in terms of statistical approach, including multiparticle production processes at lower energies. Specially designed to include self-similar systems and systems with long range interactions, it is a reasonable choice to study hadronisation process. The collisions at collider experiments are expected to fall in this category. Thus the Tsallis statistical approach [6] [7] [8] [9] [10] , was successfully used for multiparticle production processes. The new approach in the Tsallis q-statistics which includes entropy as a non-extensive property to describe the particle production has not been tested with the highest energy data from e + e − collisions and pp collisions, though this has been used to explain heavy-ion and some pp collision data, see references [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Most of these studies have focussed on the p T spectra of the hadrons.
The non-extensive part of entropy is quantified in terms of a parameter q, the entropic index in the Tsallis function and envisaged that it should have a value greater than unity. The total Tsallis entropy of two sub-systems a and b is not equal to the sum of the entropies of the subsystems, but is given by;
In Tsallis q-statistics probability is calculated by using the partition function Z, as
where Z represents the total partition function and Z N q represents partition function at a particular multiplicity, of the grand canonical ensemble of gas consisting of N particles.N , the average number of particles, is given bȳ
K-parameter is related to q and excluded volume v 0 , by
where V is the volume containing N particles, λ is related to the temperature through the parameter β as;
Details of the Tsallis distribution and how to find the probability distribution can be obtained from [6] . In the hadron-hadron interactions, the dynamics of particle production is centered around the fragmentation process, partons are produced at the intermediate stage which quickly undergo fragmentation into hadrons.
A description of the fragmentation process can also be given in terms of Weibull distribution [23] in which it has been shown that result of a single event fragmentation leading to a branching tree of cracks in the materials that show fractal behaviour [24] and can be described by a Weibull-like distribution. This is related to the particle number distribution developed during the fragmentation, the so called multiplicity distribution in case of particle collisions.
Weibull distribution has been studied to describe multiplicity distributions in e + e − collisions up to 91 GeV [23] and also for ep collisions. Weibull parametrization of the multiplicity distribution has also been used to describe the multi-dimensional fluctuations and genuine multi-particle correlations in e + e − → Z 0 → hadrons [25, 26] .
The Tsallis distribution [5, 6] and the Weibull distribution [23] are based on the concepts of statistical mechanics and stochasticity. The simplicity of these statistically inspired models and the ease of application to data, is the beauty of the analyses. Nowadays the statistical approach is a standard procedure used to model high energy multiparticle production processes [27] .
In the present work, we focus on the multiplicity distributions, in full phase space in e + e − annihilations up to the highest available center-of-mass energies and in pp collisions at energies ranging from 200 to 900 GeV in restricted rapidity windows. The presence of a shoulder structure in the multiplicity distribution was observed in e + e − at collision energy of √ s=91 GeV [28, 29] and in pp data at 900 GeV [30] and at √ s=1800 GeV [31] . The data from LEP2 also confirmed the presence of the shoulder structure at higher then Z 0 energies [32, 33] . It is the higher energy data where the shoulder structure becomes more pronounced.
Recently, we have studied [34] the data in terms of the Tsallis distribution and the Weibull distribution at lower energies in full phase space and in different rapidity windows. To study the high energy data and to take into account the shoulder structure, we implement a 2-jet modification to improve the comparison between the predicted and the experimental values. The two-component approach has been suggested earlier in reference [35] . The study indicates that the Tsallis function is able to reproduce the experimental results far better than the Weibull one. Further analysis is performed here to assert our conclusions.
In Section 2, an outline of probability distribution functions of Tsallis and Weibull distrbutions and their modified forms are given. Details along with the references can be found in [6] . 2-jet fractions denoted by α at various energies have been taken from the references [32, 33, [38] [39] [40] [41] obtained by OPAL and L3/ALEPH experiments. The 2-jet data samples considered are only those for e + e − collisions, and no 2-jet modification is made to study pp data as no 2-jet data-samples being available for these collisions. Section 3 presents the analyses of experimental data and the results obtained by the two approaches. Discussion and conclusion are given in Section 4.
Tsallis and Weibull distributions and their 2-jet modification

Tsallis and its 2-jet modification
Details and the method of calculating the partition function for N particles, in the Grand Canonical Ensemble, Tsallis q-index and Tsallis N -particle probability distribution can be obtained from [6] . The probability is calculated by using the partition function Z , as
where Z represents the total partition function and Z N q represents partition function at a particular multiplicity N .
The probability distribution for the 2-jet modified distribution is calculated by adding a weighted superposition of multiplicity in 2-jet and in multi-jet events as follows;
where α is a weight factor which gives 2-jet fraction and is determined from a jet finding algorithm.
Weibull and its 2-jet modification
The probability density function of a Weibull random variable is;
Where λ > 0 is the scale parameter and k > 0 is the shape parameter. These two parameters for the distribution are related to the mean of the function, as
The modified Weibull function can be obtained by the weighted superposition of the two Weibull distributions, as above, namely;
Results
The experimental data on e + e − annihilation at different collision energies by two experiments are analysed here. The details of the data from the L3 [41] and OPAL [29, 32, 33, 38, 39] experiments at different energies between √ s = 91 to 206 GeV in the full phase space are given in Table 1 . For comparison, we also analyse data from pp collisions at energies ranging from 200 to 900 GeV in restricted rapidity windows from the UA5 collaboration [30, 42] as given in Table 2 . The experimental distributions are fitted with the predictions from two probability functions, as described above.
one-component Tsallis versus Weibull functions
The probability distribution for Tsallis function is calculated from equation (2) and Weibull function from eqns. (8) and (9) and applied to fit the e + e − data in full phase space, as shown in Figures 1 and 2 . Parameters of the fits and χ 2 /ndf values are given in Table 2 and the corresponding p values are given Table 3 . We find that overall, Weibull distribution fails to reproduce the data, particularly in the high multiplicity regions, while Tsallis distribution shows good fit in full phase space.
One observes that the χ 2 /ndf values are significantly lower for the Tsallis fits in comparison to the Weibull fits. This is true for all energies. A careful examination of the p values from Table 3 shows that for the data from L3 experiment at all energies from 130 to 206 GeV, the Weibull fits are statistically excluded with CL < 0.1%. While for the Tsallis fits for the data only at 200.2 and 206.2 are statistically excluded with CL < 0.1% and is good for all other energies with CL > 0.1%. For the data from OPAL experiment, the Weibull fit is statistically excluded systematically for all energies between 91 to 189 GeV with CL < 0.1% except being good for energy 172 GeV. Again Tsallis fit is excluded only for 91 GeV data and remains a good fit for all energies from 133 to 189 GeV with CL > 0.1%. A comparison of the χ 2 /ndf and p values in Table 3 shows that χ 2 /ndf values for the Tsallis distributions are lower by several orders, confirming that Tsallis distribution fits the data far better than Weibull distribution.
Figures 3 and 4 show the Tsallis and Weibull fits to the data on pp collisions from UA5 collaboration at energies ranging from 200 to 900 GeV in restricted rapidity windows as well as in full phase space. The parameters of the fits are listed in Table 4 . Again the Tsallis distribution shows very good fits at all energies and all rapidities with statistically significant p values χ 2 /ndf values in comparison to the Weibull distribution, as shown in Table 5 . In each of the data samples of e + e − , for the Weibull distribution, λ values increase with energy and in case of pp collisions these increase with energy as well as with the size of the central rapidity interval. Similarly for Tsallis distribution, the q value which measures the entropic index, of the Tsallis statistics is consistently higher than 1 in each of the above mentioned cases. This confirms the property of the non-extensivity in the data as proposed by the Tsallis q-statistics.
Modified Tsallis versus modified Weibull distributions
As it is observed above, in the case of the Weibull fits, the description is good enough only for the data at some energies, while it gets quite high χ 2 /ndf values for the rest. Also, though the Tsallis fits are better than the Weibull ones, there is still a room for improvements. Following the two-component approach suggested by Giovannini [35] we consider the two-components of the modified Tsallis distribution and modified Weibull distribution for e + e − data. The probability functions for the two cases can be derived from the equations (7) and (10) . The fit parameters, χ 2 /ndf and p values for both modified Weibull and modified Tsallis distributions are given in Tables 3, 6 and 7. Figure 5 and 6 show the modified distributions for the L3 and OPAL data.
One can see that values given in Table 3 show that following the two-component fits improve substantially the description. The modified Tsallis distributions describe the data extremely well at all energies. For the modified Weibull distribution, though the χ 2 /ndf values improve substantially, it still fails for energies above the Z 0 peak, namely 161, 188.6, 189 and 206.2 GeV data samples for which CL < 0.1%. Figure 7 shows plots of the q, q 1 and q 2 values estimated from the Tsallis fits and modified Tsallis fits. The bands shown are the confidence bands. The mean values are q = 1.388 ± 0.095, q 1 = 1.077 ± 0.017 and q 2 = 1.489 ± 0.100. The figure shows that the q values in both the cases of the Tsallis and modified Tsallis fits, exceed unity, emphasising the non-extensive nature of the Tsallis entropy. Figure 8 shows the dependence of λ, λ 1 , λ 2 , on c.m.s energy of e + e − collisions. As the parameter λ is connected with the average multiplicity, it is expected to increase with the energy of collision and hence charged multiplicity. The modified analyses for pp could not be carried out as the 2-jet fractions for these data in different rapidity intervals as well as in the full phase space are not available.
Discussion
The standard Boltzmann-Gibbs statistics, with q=1 produces a distribution which is not consistent with the experimental data at high energy and at high multiplicity tail. It is known that it could lead to unphysical results for systems having long-range interactions. This is the non perturbative regime of QCD which plays an important role in hadronization. The large particle density fluctuations [36, 37] present in hadron production, which could not be explained, mandated an alternative formalism to be developed. One such case is the Tsallis formalism.
In the Tsallis distribution, K-parameter in eq. (4) is related to q, the entropic index, v 0 , the excluded volume associated to a particle and the volume of the system. The detailed relationship can be found in [6] . The K-parameter measures the deviation from Poisson distribution caused by resonance decay and charge conservation and is related to the variance. The definition of K is motivated by the k parameter of a negative binomial distribution. The Tsallis statistics for q > 1 with excluded volume v 0 causes a substantial broadening of the distribution, taking it much closer to the data. Thus the role of K-parameter is crucial to the value of entropic index, q. In some analyses the excluded volume is fixed between 0.3-0.4 f m 3 . The corresponding value of volume V then varies from few f m 3 to few tens of f m 3 [6] . The smooth increase of q with the center of mass energy can be understood as the expected increase of the influence of the partonic interactions among the hadronic particles produced in the event. Table 2 shows that the shape parameter k for the Weibull function determines the shape of the distribution. For the highest LEP energy range, the value of k does not change much within limits of errors, as can be seen in Tables 2 and 6 . This behaviour is related to the soft gluon emission and subsequent hadronisation. Within a given rapidity interval, the value of k decreases slightly with increasing energy. However, it increases considerably from smaller to larger rapidity intervals, as can be seen in Table 4 . The scale parameter λ of the Weibull distribution determines the width of the distribution. Larger value of scale parameter produces a broader distribution. This again is observed in Tables 2 and 4 . The width of the probability distribution depends upon c.m. energy. At higher collision energies, more number of high multiplicity events are produced and the multiplicity distribution becomes broader. As a result, λ increases to compensate for the width. This trend is endorsed by λ values in the two Tables. Similar results are observed from the modified Weibull fit distribution parameters in Table 6 where λ values increase systematically from lower to higher rapidity windows.
For various energies, it is shown that by appropriately weighting the multiplicity distribution with the 2-jet fraction in e + e − collisions at √ s = 91 to 206 GeV, both the Tsallis distributions and the Weibull distributions substantially improve the agreement with the data giving the statistically significant results. These modified Tsallis distributions reproduce the data well with CL > 0.1% for all energies, from both the L3 and OPAL experiments. The modified Weibull distributions, also improve the fits by several orders, but fail to describe the data at most of the energy points, as can be observed from p values in Table 3 The highest energy data sets have typically low statistics, due to which fit parameters suffer from large errors, especially for modified Tsallis distribution. Nevertheless the present detailed analysis establishes that the performance of the Tsallis function is better than Weibull function. The q value known as entropic index for the Tsallis distribution, accounts for the non-extensive thermo-statistical effects in hadron production and is expected to exceed unity in the Tsallis statistics. This is confirmed from the mean values of q, as measured for the total sample of events, events with two-jets and events with multijets. The behaviour is found to be more pronounced in the events with higher multiplicity, as evident from the difference in q-values for 2-jet and multi-jet components. The analyses for the Tsallis distribution and the Weibull distribution for pp collisions from 200 to 900 in full phase space as well as in restricted rapidity windows have also been done. It is found that the Weibull distribution is excluded in full phase space at all energies and in several rapidity windows. Whereas for the Tsallis, it is acceptable at most of the energy and rapidity values with the exception of 900 GeV in full phase space and at 540 GeV for |y| < 0.5 GeV where the fits have CL < 0.1%. For Tsallis distribution, in each case q value exceeds unity, emphasising the non-extensive nature of the Tsallis entropy.
Conclusions
Analyses of the multiplicity distributions measured in e + e − collisions at LEP at energies, √ s=91 to 206 GeV and in pp collisions at 200 to 900 GeV have been done in the context of Weibull and Tsallis distributions. It is observed that the the Weibull fits for the data from L3 experiment at all energies from 130.1 GeV to 206.2 GeV for the e + e − collisions are statistically excluded with CL < 0.1%, and for the Tsallis fits the data only at 200.2 GeV and 206.2 GeV are statistically excluded and are good for all other energies. For the data from OPAL experiment, Weibull fits are statistically excluded for all energies between 91 GeV to 189 GeV with CL < 0.1% in e + e − annihilation, except the 172 GeV data. In contrast, the Tsallis fits are excluded only for energy at 91 GeV and remain good for all other energies of 133 GeV to 189 GeV. Tsallis non-extensive statistics gives a good description of the particle production in high energy collisions. 
